The purpose of this paper is to give a brief general account of the completely reducible finite-dimensional representations of a locally finite group G over a given algebraically closed field K. Theorem 1 shows that all such representations of G can be brought down to the algebraic closure F in K of the prime field of K. This reduces all further considerations in this account to countable groups. Theorem 2 characterizes the existence of a faithful completely reducible representation of G of degree n over K in terms of the existence of such representations for appropriate finite subgroups of G.
Throughout the paper, G denotes a locally finite group, K denotes an arbitrary algebraically closed field and F denotes the algebraic closure in K of the prime field of K. F denotes an w-dimensional vector space over K. An F-form of V is an -F-subspace W of V such that W and K are linearly disjoint over K and Vis the X-span of W. (Equivalently, an F-form of V is the i^-span of a basis of V.) Il A is an Falgebra, AK denotes the algebra A®pK. THEOREM 
Let pbea completely reducible representation of G in V. Then V has an F-form W which is stable under the paction of G in V.
PROOF. It suffices by complete reducibility to consider the case in which G acts irreducibly in V.
If G is finite, the assertion follows (upon passing to the group algebra of G over F) from the fact that if A is a finite-dimensional associa* tive algebra over F, then an irreducible (finite-dimensional) AKmodule has an F-form stable under A. Since the kernel of an irreducible representation of such an A contains the radical of A, it suffices to prove this in the case that A is semisimple. But for A semisimple, the assertion is obvious since :
( such that p(5) is a maximal ^-independent subset of p(G), and let H be the subgroup generated by 5.) Since H is finite and acts irreducibly in V, V has an F-form W stable under the action of H. We claim that W is stable under the action of G. Thus let g be any element of G and let I be the subgroup of G generated by H and g. / is finite and acts irreducibly in V; and consequently I also stabilizes some F-form, say X, of V. For this, choose for each j>n+l an element Xj of Sj such that f n j(xj) = s n ; and for j > n+1, let ;yy =/n+i,yfe). Then since S w +i is finite, there exists y in S n +i such that y -yj for infinitely many j. Now y = s n +i has the desired properties. THEOREM 
G Aas a faithful completely reducible representation of degree n over K if and only if
(1) G is countable ; and (2) each finite subset of G is contained in a finite subgroup H which has a faithful completely reducible representation of degree n over K. z PROOF. Suppose first that G has a faithful completely reducible representation p in F over K. Then G is countable by Theorem 1. Let S be a finite subset of G. Let F= 2? © ^* where the Vu are irreducible G-subspaces of V. For each k, G has a finite subgroup H k which is irreducible in Vk. (An argument for this is given in the proof of Theorem 1.) Let H be the subgroup generated by the set SUHiU • • • Uiî m . H is finite and contains S; and (p\H, V) is a faithful completely reducible representation of H of degree n over K. Now suppose that G satisfies the conditions (1) and (2) . Let F be a vector space over K of dimension n. Then we can choose a chain H1QH2Q • • • of finite subgroups Hi of G such that G=Uiï* and such that for each i 9 the set Si of equivalence classes of faithful completely reducible representations of Hi in F over K is nonempty. The Si are finite, and we proceed to define mappings ƒ»•: 5 t ->S»_i for i^2. For i^ 2, let p be a representative of an element of Si. Pass from the representation (p|iJ t _i, F) to the direct sum (p', F') of its composition factors as representations of i2V_i over X. Then (p', F') is a completely reducible representation of iT t _i of degree n over i£, and we claim that it is faithful. Thus let / be the kernel in iJ t _i of (p', V). p(I) is then a normal unipotent subgroup of p(i?*_i). Since p is faithful, it follows that J is a p-group if K has characteristic p > 0 and that J = {1} if i£ has characteristic 0. iTi_i has a faithful completely reducible representation p»_i (since S*_i is nonempty), and the preceding observation shows that Pi-i(I) is a normal unipotent subgroup of By suitably modifying the Vi successively up to equivalence, we may assume that VV-i = V<|fZV-i for *èj+l. The condition V^^V^H^ for i^j+1 is that the underlying vector spaces of the Vi coincide for i*zj+l; and that if pii He-»Hom#(Ft, V*) denotes the action of Hi on the underlying vector space Vi of V» for all i, then p 8 |i? r =p r for j+1 ^r^s.
Now if p = Urgy+i Pr (that is, if p is the function with domain G = Ur^y+i #r defined by p(g) -prig) if gGH r and r èi+1), then p is a faithful completely reducible representation of G of degree n.
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